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We show that seesaw models based on ﬂavor symmetries (such as A4 and Z7  Z3) which produce
exact tribimaximal neutrino mixing also imply a vanishing leptogenesis asymmetry. We show that higher
order symmetry breaking corrections in these models can give a non-zero leptogenesis asymmetry and
generically also give deviations from tribimaximal mixing and a non-zero θ13  10−2.
© 2008 Elsevier B.V. Open access under CC BY license.Experiments using solar, atmospheric and reactor neutrinos,
and neutrino beams produced at accelerators have conﬁrmed the
existence of neutrino oscillations. The results are consistent with
neutrino mixing produced if the neutrino weak eigenstates νe , νμ
and ντ are related to the mass eigenstates ν1, ν2 and ν3 by a 3×3
unitary matrix U , commonly called the PMNS matrix,
|να〉 = Uαi |νi〉 (1)
where α ∈ {e,μ, τ } and i ∈ {1,2,3}. The matrix U is written in
terms of three angles θ12, θ13, and θ23, and three CP-violating
phases δ, α1 and α2 [1],
U =
⎡
⎣
1 0 0
0 c23 s23
0 −s23 c23
⎤
⎦×
⎡
⎣
c13 0 s13e−iδ
0 1 0
−s13eiδ 0 c13
⎤
⎦
×
⎡
⎣
c12 s12 0
−s12 c12 0
0 0 1
⎤
⎦×
⎡
⎣
eiα1/2 0 0
0 eiα2/2 0
0 0 1
⎤
⎦ (2)
with ci j ≡ cos θi j , si j ≡ sin θi j , and 0  θi j  π/2, 0 δ,α1,2 < 2π .
The Majorana phases α1,2 enter in lepton number violating ampli-
tudes, and so are not observable presently in neutrino oscillation
experiments, which measure lepton number conserving processes.
The current experimental values of measured neutrino oscillation
observables (taken from Ref. [2]) are:
m221 = (8.0± 0.3) × 10−5 eV2,∣∣m232∣∣= (2.5± 0.2) × 10−3 eV2,
tan2 θ12 = 0.45± 0.05
(
30◦ < θ12 < 38◦
)
,
sin2 2θ23 = 1.02± 0.04
(
36◦ < θ23 < 54◦
)
,
sin2 2θ13 = 0.0± 0.05
(
θ13 < 10
◦). (3)
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Open access under CC BY license.There is an ongoing experimental program to measure or place an
upper bound on θ13 at the level of sin
2 2θ13 ∼ 0.01 [3].
The ratio of the solar and atmospheric mass squared differences
is r = m221/|m232| = (3.2 ± 0.3) × 10−2. Although the individual
neutrino masses mi are not determined, the neutrino masses are
known to be much smaller than the masses of all other Standard
Model fermions from tritium endpoint, neutrinoless double beta
decay and cosmological data. The smallness of neutrino masses can
be naturally explained using the seesaw model [4], which extends
the Standard Model by adding gauge singlet neutrinos. The singlet
neutrinos NR of the seesaw model naturally have Majorana masses
much larger than the electroweak scale, unlike the Standard Model
fermions which acquire mass proportional to electroweak symme-
try breaking. An interesting feature of the seesaw model is that
CP-violating decays of heavy singlet neutrinos can produce a lepton
asymmetry in the early universe, which is converted into a baryon
asymmetry at the electroweak scale. This leptogenesis mechanism
[5,6] provides a simple explanation for the observed baryon asym-
metry of the universe.
The neutrino mixing matrix has two large angles (θ12, θ23), and
one small angle (θ13). A particularly interesting ansatz for the mix-
ing matrix is the tribimaximal matrix [7]
UTB =
⎡
⎢⎢⎢⎣
√
2
3
1√
3
0
− 1√
6
1√
3
− 1√
2
− 1√
6
1√
3
1√
2
⎤
⎥⎥⎥⎦ (4)
with tan2 θ12 = 1/2, sin2θ23 = 1 and θ13 = 0. The phase δ is unde-
ﬁned since θ13 = 0. Eq. (4) can be easily extended to include non-
vanishing Majorana phases α1,2, UTB → UTB diag(eiα1/2, eiα2/2,1),
which is the generalized form of tribimaximal mixing that we will
consider in this work. The tribimaximal mixing matrix has been
derived using models with discrete ﬂavor symmetries. The models
rely on the observation due to Ma [8] that a Majorana mass matrix
of the form
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⎣
A B B
B C D
B D C
⎤
⎦ (5)
is diagonalized by a mixing matrix with θ13 = 0 and sin2 2θ23 = 1.
If A + B = C + D , then tan2 θ12 = 1/2 and the mixing matrix is
tribimaximal. The mixing matrix can have Majorana phases α1,2 if
A, B,C, D are complex. Particularly interesting are models based
on the symmetries A4 [8,9] and Z7  Z3 [10]. These groups have
a three-dimensional irreducible representation, and three inequiva-
lent one-dimensional representations, so that the three generations
of lepton doublets, charged leptons and singlet neutrinos can ei-
ther transform as a 3, or as three inequivalent one-dimensional
representations, which distinguish between the generations.
It turns out that the seesaw models in the literature which
derive exact tribimaximal mixing from a ﬂavor symmetry do not
allow for leptogenesis. In these models, the low-energy neutrino
mass matrix generated by the seesaw mechanism has the Ma form,
but the product of neutrino Yukawa coupling matrices Y †νYν rel-
evant to leptogenesis is proportional to the unit matrix, so the
leptogenesis asymmetry parameter 	 vanishes. This is true even if
one considers the more general possibility of ﬂavored leptogenesis
[11,12]. The tribimaximal mixing models have complex parame-
ters, and have CP violation. The low-energy PMNS matrix has CP
violation through non-zero α1,2. The problem is that the symme-
try breaking pattern which generates a tribimaximal PMNS mixing
matrix does not allow for CP violation in the particular quantity
Y †νYν that is needed for leptogenesis. The models typically have
higher order corrections from higher dimension operators which
are second order in ﬂavor symmetry breaking. If the small sym-
metry breaking parameter is η 
 1, we show that the leptogenesis
asymmetry is order η2. One can obtain 	 ∼ 10−6, which is the typ-
ical value necessary to obtain an adequate baryon asymmetry [6],
with η ∼ 10−2. We show that the ﬂavor symmetry breaking also
leads to deviations from tribimaximal mixing at ﬁrst order in η, so
that θ13 is typically non-zero, and larger than η ∼ 10−2.
Before proceeding further, we ﬁrst review the standard seesaw
scenario for neutrino mixing and leptogenesis. The lepton mass
terms in the seesaw theory are (following Ref. [13]):
L = −L¯iφ(YE )i j E R j − L¯i φ˜(Yν)i j NR j
− 1
2
NRiMijNR j + h.c., (6)
where i, j are ﬂavor indices, L = (eL, νL) are the lepton doublets,
ER are charged lepton SU(2)L singlets with non-vanishing hyper-
charge, NR are gauge-singlet fermion ﬁelds, and φ is the Higgs
doublet (φ˜α = 	αβφ∗β ) with vacuum expectation value v/
√
2. The
charged lepton mass matrix is (mE)i j = (YE )i j v/
√
2 and the Dirac
neutrino mass matrix is (mD)i j = (Yν)i j v/
√
2.
One can make arbitrary ﬂavor redeﬁnitions L → U−1L L, NR →
U−1N NR , ER → U−1E ER in Eq. (6), where UL,N,E are 3 × 3 unitary
matrices, under which
M → U TNMUN ,
Yν → U−1L YνUN ,
YE → U−1L Y EU E . (7)
It is convenient to pick a basis in which M and YE are diago-
nal, real, and non-negative, M = diag(M1,M2,M3), YE = diag(ye,
yμ, yτ ), which ﬁxes UL,N,E up to a diagonal rephasing UL = UE =
diag(eiζ1 , eiζ2 , eiζ3) which leaves YE invariant. In this basis, the only
freedom to redeﬁne Yν is given by a diagonal UL rephasing. This
rephasing can be used to eliminate three phases in Yν , so the 3×3complex matrix Yν contains 9 real and 6 imaginary physical pa-
rameters [13].
The singlet Majorana mass matrix M is not proportional to
the weak scale v , and is naturally much larger than v in uniﬁed
theories. The Lagrangian (6) leads to three heavy neutrinos with
masses Mi which are dominantly NR , and three light neutrinos
with masses of order v2/M which are dominantly νL . Integrating
out the heavy right-handed neutrinos leads to the dimension-ﬁve
operator in the effective theory below M ,
Ld=5 = 1
2
(
φ˜†Li
)
(c5)i j
(
φ˜†L j
)+ h.c. (8)
with
c5 = Y ∗νM∗−1Y †ν . (9)
When the Higgs ﬁeld gets a vacuum expectation value, this gener-
ates a Majorana mass matrix m = −(v2/2)c5 for the light neutri-
nos. By deﬁnition, the PMNS matrix U diagonalizes m ∝ c5 in the
basis in which YE is diagonal,1
− v
2
2
U T c5U = diag(m1,m2,m3), (10)
where the light neutrino masses mi are real and non-negative.
The masses mi and the PMNS matrix U are suﬃcient to describe
neutrino physics at energies below M , and are the observables ac-
cessible in low-energy neutrino experiments.
The PMNS matrix, however, does not give complete information
about the mixing structure of the seesaw Lagrangian. The general
form of Yν consistent with U and mi in a basis where YE and M
are diagonal is [14]
v√
2
Yν = Um1/2OM1/2 (11)
where m = diag(m1,m2,m3), M = diag(M1,M2,M3), and O is a
complex orthogonal matrix O O T = 1. Note that in general O is not
unitary. Low-energy physics ﬁxes U and m, but leaves O and M
undetermined.
At dimension six [13], there is ﬂavor mixing in the light neu-
trino kinetic terms after electroweak spontaneous symmetry break-
ing,
Ld=6 = (c6)i j(L¯i φ˜)i/∂
(
φ˜†L j
)
(12)
with
c6 = Yν
(
M†M
)−1
Y †ν . (13)
Measuring c6 in addition to U and m completely determines the
parameters of the high-energy seesaw theory if the number of gen-
erations of heavy neutrinos is equal to the number of generations
of Standard Model fermions.
Out-of-equilibrium decays in the early universe of NRi to lepton
and Higgs doublets produces lepton asymmetries. In a basis where
M is diagonal and real, the lepton asymmetry parameters are [5,6,
15,16]
	i = 1
8π(Y †νYν)ii
∑
j =i
Im
{[(
Y †νYν
)
i j
]2}
f
( |M j|2
|Mi |2
)
(14)
where
f (x) = √x
[
2− x
1− x − (1+ x) ln
1+ x
x
]
x→∞−→ − 3
2
√
x
. (15)
For almost degenerate neutrinos,
f (1+ z) ≈ −1
z
, z 
 1. (16)
1 The matrix c5 is independent of the basis chosen for NR , i.e. it is invariant
under UN transformations.
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Y †νYν = 2v2 M
1/2O †mOM1/2, (17)
using the form Eq. (11). One can have non-zero asymmetries 	i if
O is complex. Note that U cancels out of Y †νYν .
If leptogenesis takes place at temperatures below about
1012 GeV, then decoherence effects due to Yukawa interactions
of the charged leptons are important, and the ﬂavor of the charged
leptons produced in the decays NRi → α + φ, ¯α + φ† are rele-
vant. This scenario is referred to as ﬂavored leptogenesis2 [11,12],
and the lepton asymmetry depends on the asymmetry parameters
[11,12,15,16]
	
(α)
i =
1
8π(Y †νYν)ii
∑
j =i
Im
{(
Y †ν
)
iα(Yν)α j
(
Y †νYν
)
i j f (x j/i)
+ (Y †ν)iα(Yν)α j(Y †νYν) ji 11− x j/i
}
,
x j/i = |M j |
2
|Mi |2 . (18)
The ﬂavor independent asymmetry parameter (14) is given by 	i =∑
α=e,μ,τ 	
(α)
i . U does not cancel in the combination (Y †ν) jα(Yν)αi
in Eq. (18).
There have been several studies of leptogenesis which assume
that the PMNS matrix has tribimaximal form [17,18]. It was shown
that mass matrices can be constructed in the seesaw Lagrangian
which produce a large enough lepton asymmetry for the leptogen-
esis mechanism to lead to the baryon asymmetry of the universe.
However, this construction implicitly assumes that the tribimaxi-
mal form of the PMNS matrix is a low-energy accident, rather than
a consequence of an underlying symmetry, as in the examples of
Refs. [8–10].
Refs. [8–10] obtain the tribimaximal structure using a broken
discrete ﬂavor symmetry with a speciﬁc symmetry breaking pat-
tern generated by the expectation values of scalar ﬁelds 〈φi〉. The
symmetry breaking structure that leads to tribimaximal mixing
in these models gives no leptogenesis. If one includes additional
symmetry breaking terms of higher order in 〈φ〉, which exist via
higher-dimensional operators in the ﬁeld theory, then one can
avoid the leptogenesis problem. The higher dimension operators
also lead to deviations from tribimaximal mixing. One can have
non-zero leptogenesis while retaining the exact tribimaximal struc-
ture only if the higher dimension operators are tuned so that they
do not perturb the PMNS matrix, in which case the exact tribimax-
imal form is accidental.
Another interesting class of models is based on D4 [19], S3 [20],
and μ ↔ τ symmetry [21]. In these models, symmetry relates en-
tries with μ ↔ τ , and the low-energy neutrino mass matrix has
the Ma form Eq. (5) but without the restriction A + B = C + D ,
so that tan2 θ12 is not ﬁxed to be 1/2. These models typically give
non-zero leptogenesis. However, if one wants the exact tribimaxi-
mal form with tan2 θ12 = 1/2 without any accidental ﬁne tunings,
then the leptogenesis asymmetry also vanishes. To be speciﬁc, in
the D4 model of Grimus and Lavoura [19],
Yν = diag(a,b,b),
M =
⎡
⎣
M1 Mχ Mχ
Mχ M2 0
Mχ 0 M2
⎤
⎦ , (19)
where all the parameters can be complex. This example has com-
plex entries in Y †νYν in the basis in which M is diagonal as long
2 We would like to thank E. Nardi for helpful discussions on this point.Table 1
Transformation properties of the ﬁelds under A4 ⊗ Z3 ⊗ U (1)R
e+ μ+ τ+ LL NcL φS φT ξ
A4 1 1′′ 1′ 3 3 3 3 1
Z3 ω2 ω2 ω2 ω ω2 ω2 1 ω2
U (1)R 1 1 1 1 1 0 0 0
as a = b, but in general tan2 θ12 = 1/2. Requiring that c5 (Eq. (9))
have the Ma form Eq. (5) with A + B = C + D for exact tribi-
maximal mixing leads to the constraint a2M2 = abMχ + b2M1. To
satisfy this relation requires an accidental ﬁne-tuning between the
Majorana mass matrix M and the Dirac matrix Yν , which are in-
dependent objects. One could obtain the constraint more naturally
by assuming an additional symmetry of the underlying theory (as
happens in the A4 model) that restricts Yν and M separately by
a = b and M2 = Mχ + M1. But then the leptogenesis asymmetry
vanishes.
In the remainder of the Letter, we will use the speciﬁc seesaw
implementation of A4 symmetry given by Altarelli and Feruglio [9]
to illustrate our point about the incompatibility of tribimaximal
mixing derived from an exact ﬂavor symmetry with leptogene-
sis. A4 is the symmetry group of the tetrahedron, or the group
of even permutations on four objects, and has order 12. It has
three inequivalent one-dimensional representations, 1, 1′ , 1′′ and
a three-dimensional representation 3.
Altarelli and Feruglio use a supersymmetric theory with an
A4 ⊗ Z3 discrete ﬂavor symmetry. In addition to the Standard
Model and singlet neutrino multiplets, they have scalar ﬁelds φS
and φT which transform as A4 triplets, and ξ which transforms
as an A4 singlet. These scalars develop vacuum expectation val-
ues, 〈φT 〉 = (vT ,0,0), 〈φS 〉 = (v S , v S , v S ), and 〈ξ〉 = u which break
A4 × Z3. There also are additional ﬁelds needed to construct a su-
perpotential, which are not important for our analysis. The A4⊗ Z3
representations of the relevant ﬁelds are given in Table 1 along
with their U (1)R charges. The Standard Model Higgs multiplets
Hu,d are A4 × Z3 singlets, with vacuum expectation values vu,d .
The structure of the lepton mass matrices then follows from a
standard spurion analysis, assuming higher dimension operators
are suppressed by a high scale Λ. The expansion parameter is η =
V /Λ, where we use V ∼ vT , v S ,u to denote the typical A4 ⊗ Z3
ﬂavor symmetry breaking expectation values of the scalar ﬁelds.
We ﬁrst summarize the seesaw model of Altarelli and Fer-
uglio. The superpotential terms xAξNcNc , xBφS NcNc , and yNcLHu ,
where xA, xB , y are coupling constants, generate the matrices
M† = 2xAu
⎡
⎣
1 0 0
0 0 1
0 1 0
⎤
⎦+ 2
3
xB v S
⎡
⎣
2 −1 −1
−1 2 −1
−1 −1 2
⎤
⎦ ,
Y †ν = y
⎡
⎣
1 0 0
0 0 1
0 1 0
⎤
⎦ . (20)
The leading contribution to the charged lepton masses is from
the superpotential terms yee+(φT L)1Hd/Λ, yμμ+(φT L)1′ Hd/Λ,
yτ τ+(φT L)1′′ Hd/Λ which are higher dimension operators3 sup-
pressed by one power of Λ,
Y †E =
vT
Λ
⎡
⎣
ye 0 0
0 yμ 0
0 0 yτ
⎤
⎦ . (21)
3 (φT L)1,1′,1′′ denotes that φT and L are combined to form the A4 representations
1,1′,1′′ .
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zero charged lepton masses. The Yukawa coupling yτ is of order η,
so η 10−2 to get a large enough τ mass.
It is simple to verify that Eqs. (20), (21) lead to tribimaxi-
mal mixing, with heavy neutrinos of mass M1 = |2xAu + 2xB v S |,
M2 = |2xAu|, M3 = |−2xAu + 2xB v S |, and light neutrinos of mass
mi = |yvu|2/Mi [9]. Let 2φ1,2,3 be the phases of 2xAu + 2xB v S ,
2xAu, −2xAu + 2xB v S , respectively, and φy be the phase of y.4
Then the PMNS matrix is UTBeiΦ with Φ = diag(φ1 − φy, φ2 −
φy, φ3 − φy), which can be converted by a phase redeﬁnition into
Φ = diag(φ1 − φ3, φ2 − φ3,0), which is the standard form with
only two Majorana phases. Since the three Mi are given in terms
of two complex numbers 2xAu and 2xB v S , it is not possible to
have arbitrary values for Mi . For the case of normal hierarchy,
m1 <m2 <m3, and m221 
 |m232|, so that 2xAu ≈ 2xB v S (which
requires a ﬁne-tuning at the level of 1/r ∼ 30 between the two
terms), M1 ≈ 2M2, and φ1 ≈ φ2. The known neutrino mass differ-
ences then imply that M3 ≈ √4r/3M2 ≈ M2/5. Equivalently, m1 =
m2/2= √r/3m3, so that m1 = 5.2× 10−3 eV, m2 = 1.03× 10−2 eV
and m3 = 0.05 eV. For the inverted hierarchy, M1 ≈ M2 ≈ M3/3
and (M1 − M2) = 4rM3/27 [9], so that m3 = 1.8 × 10−2 eV, and
m1 ≈m2 = 5.3× 10−2 eV.
It follows from Eq. (20) that
Y †νYν =
∣∣y2∣∣1, (22)
so that there is no leptogenesis (see Eq. (14)). There is also no ﬂa-
vored leptogenesis (see Eq. (18)). The combinations (Y †ν)iα(Yν)α j ×
(Y †νYν)i j and (Y
†
ν)iα(Yν)α j(Y
†
νYν) ji in the ﬂavored leptogenesis
asymmetries 	(α)i contain one factor of Y
†
νYν in which the charged
lepton index has been summed over. Eq. (22) implies that Y †νYν
is diagonal and proportional to the unit matrix; thus 	(α)i vanish
since they contain a factor of the off-diagonal elements i = j of
Y †νYν . Using the form Eq. (11) for Yν , one ﬁnds O = diag(1,1,−1).
While we have used a speciﬁc A4 model, this conclusion is
common to all models in the literature which generate exact tribi-
maximal mixing from a symmetry. (Note that in the case of the
studied A4 model, the assignment of three-dimensional irreducible
representations to the singlet neutrinos and to the lepton doublets
forces the Yν matrix to take the given form.)
The mass matrices M and Yν in the Z7  Z3 of Ref. [10] are
linear combinations of the two matrices in Eq. (20) and the unit
matrix. Any matrix of the Ma form with A + B = C + D can be
written as a linear combination of these three matrices. In the ba-
sis in which M is diagonal, Y †νYν ∝ diag(1,1,9) is not the unit
matrix, but is still diagonal, so there is no leptogenesis. For this
model, O is also diag(1,1,−1).
In both the A4 and Z7  Z3 models, O = diag(1,1,−1), and
Eq. (11) shows that CP violation is determined by the phases in
the PMNS matrix.
There are corrections to Eqs. (20), (21) from operators sup-
pressed by higher powers of 1/Λ. The leading correction to Yν
is from xC Nc(LφT )3S Hu/Λ and xDN
c(LφT )3A Hu/Λ where 3S,A are
the triplets in the symmetric and antisymmetric product 3⊗3, and
gives
δ(1)Y †ν = xC vT3Λ
⎡
⎣
2 0 0
0 0 −1
0 −1 0
⎤
⎦+ xD vT
2Λ
⎡
⎣
0 0 0
0 0 1
0 −1 0
⎤
⎦ . (23)
The leading corrections to M are from the terms xE (NcNc)3S ×
(ξφT )/Λ and xRR ′(NcNc)R(φSφT )R ′/Λ, where (R, R ′) = (1,1),
4 The two-fold ambiguity in φ1,2,3 is irrelevant (see e.g. Ref. [22]).(1′,1′′), (1′′,1′), (3S ,3S ), and (3S ,3A). They give a correction to
M of the form
δ(1)M† = 2xEuvT
3Λ
⎡
⎣
2 0 0
0 0 −1
0 −1 0
⎤
⎦+ x1′1′′ v S vT
2Λ
⎡
⎣
0 1 0
1 0 0
0 0 1
⎤
⎦
+ x1′′1′ v S vT
2Λ
⎡
⎣
0 0 1
0 1 0
1 0 0
⎤
⎦ . (24)
The (3S ,3S ), (3S ,3A) and (1,1) terms can be absorbed in redeﬁ-
nitions of xA,B,E .
The leading corrections to YE are from (e+L)3(φ2T )3S Hd/Λ2,
(μ+L)3(φ2T )3S Hd/Λ2 and (τ+L)3(φ2T )3S Hd/Λ2. Since the vacuum
expectation value of (φ2T )3S is proportional to 〈φT 〉, these correc-
tions can be absorbed into a redeﬁnition of ye,μ,τ in Eq. (21).
There can be direct higher dimension operator contributions
to c5, which are not generated by the seesaw mechanism [9]. These
arise from operators such as LLHuHuξ2/Λ3, LLHuHuξφS/Λ3,
LLHuHuφ2S/Λ
3, and produce neutrino mass terms of order
v2uV
2/Λ3. They are of order V 3/Λ3 relative to the seesaw gen-
erated mass terms of order v2u/V , and can be neglected in our
analysis.
The corrections (23), (24) lead to deviations from exact tribi-
maximal mixing, and from the diagonal form Eq. (22), which can
be computed in perturbation theory. It is convenient to go to a
basis where the lowest order matrices (20), (21), which we now
denote by Y †ν0 and M
†
0, are diagonal. Let
M˜† ≡ U †0M†U∗0 ,
Y˜ †ν ≡ U †0Y †νU0 (25)
with U0 = UTBeiΦ0 , Φ0 = diag(φ1, φ2, φ3), and M˜ = M˜0 + δM˜ ,
where δM˜ = δ(1)M˜+δ(2)M˜+· · · is an expansion in powers of V /Λ.
Let S be the unitary matrix which makes S†M˜†S∗ diagonal, real,
and non-negative, and write S = exp(is), where s is Hermitian, and
has the expansion s = δ(1)s + δ(2)s + · · ·. In the basis where M is
diagonal, Y †νYν becomes S† Y˜
†
ν Y˜ν S , which is
|y|21+ (Y˜ †ν0δ(1) Y˜ν + δ(1) Y˜ †ν Y˜ν0)+ · · ·
= |y|21+
⎡
⎣
1
√
2eiφ21 0√
2e−iφ21 0 0
0 0 −1
⎤
⎦Re
(
2xC vT y∗
3Λ
)
+
⎡
⎢⎢⎢⎢⎣
0 0
√
1
3 e
iφ31
0 0 −
√
2
3 e
iφ32
√
1
3 e
−iφ31 −
√
2
3 e
−iφ32 0
⎤
⎥⎥⎥⎥⎦Re
(
xD vT y∗
Λ
)
(26)
up to ﬁrst order in η = V /Λ, where φi j = φi − φ j . S cancels since
Y †ν0Yν0 ∝ 1. It can be seen from Eq. (26) that Im{[(Y †νYν)i j]2} is
non-zero and order η2 in the basis where M is diagonal.
For the normal hierarchy, the lightest right-handed neutrino
is M3, and leptogenesis is governed by 	3, i.e. by (Y
†
νYν)3i , i = 1,2,
which are non-zero, and complex. Hence Eq. (26) leads to non-
zero leptogenesis for the case of normal hierarchy. Using Eq. (14),
the lowest order values M1 ≈ 2M2, φ1 ≈ φ2, and the asymptotic
form for f (x) for normal hierarchy gives
	3 = 5
32π
M3
M2
[
Re
(
xD vT e−iφy
Λ
)]2
sin2φ32, (27)
combining the M2 and M1 terms. For the inverted hierarchy, M2 is
the lightest right-handed neutrino, and 	2 controls leptogenesis,
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8π
M2
M3
[
Re
(
xD vT y∗
Λ
)]2
sin2φ32
+ 9
32πr
[
Re
(
2xC vT y∗
3Λ
)]2
sin2φ21. (28)
In the second term, we have used Eq. (16) for f (M21/M
2
2).
The PMNS matrix is U = UTBeiΦ0U1, where U1 is deﬁned so
that U T1 c˜5U1 is diagonal, with c˜5 ≡ e−2iφy Y˜ ∗ν M˜∗−1 Y˜ †ν . Writing U1 =
exp(i X) with X Hermitian, and expanding X = δ(1)X + · · · , we can
solve for X to ﬁrst order in V /Λ,
δ(1)Xii = − Im[δ
(1)c˜5]ii
2[c5˜,0]i
,
δ(1)Xi = j = − Im[δ
(1)c˜5]i j
[c5˜,0]i + [c5˜,0] j
+ i Re[δ
(1)c˜5]i j
[c5˜,0]i − [c5˜,0] j
(29)
where c˜5 = c˜5,0 + δ(1)c˜5 +· · · , and c˜5,0 is diagonal. The eigenvalues
are
Λi = [c˜5,0]ii + Re
[
δ(1)c˜5,0
]
ii + · · · . (30)
The light-neutrino mass shifts are δmi/mi ∼ O(V /Λ) due to the
higher dimension operators.
The elements of Xij are of order V /Λ, and lead to deviations
from exact tribimaximal mixing. To ﬁrst order,
|U13| = s13
= 1√
3
∣∣√2eiφ13 X13 + eiφ23 X23∣∣. (31)
Using |U12/U11| = tan θ12, |U23/U33| = tan θ23, which are rephasing
invariant expressions for the mixing angles [22], and letting θ12 =
tan−1(1/
√
2 ) + δθ12, θ23 = π/4+ δθ23 gives
δθ12 = −
√
2 Im
[
eiφ12 X12
]
, (32)
δθ23 = − 1√
3
Im
[
eiφ13 X13 −
√
2eiφ23 X23
]
. (33)
Eqs. (29)–(33) are general, and give the ﬁrst order correction to the
PMNS matrix in terms of the correction to c5.5
The requirement that the model produce a large enough lep-
ton asymmetry gives 	 ∼ 10−6. From Eqs. (27), (28), and using
M3/M2 ∼ 1/5 for the normal hierarchy, and M2/M3 ∼ 1/3 for
the inverted hierarchy gives the estimates 	3 ∼ η2/(32π) and
	2 ∼ 9η2/(32πr), respectively. We already have the lower bound
η  10−2 from the charged lepton masses, so the model can pro-
duce an adequate lepton asymmetry (	  10−6) when higher order
terms in η are included in the mass matrices.
The higher order terms also lead to deviations from tribimax-
imal mixing at order η, and in particular, s13 ∼ √	 ∼ η  10−2.
There are many parameters that enter the mass matrix at order η,
and we have not done a complete analysis of the parameter space.
As a simple example, consider the case where the only higher or-
der coeﬃcient that is non-zero is xD which enters into Eq. (26).
The non-zero elements of δc are:
δc13 = −2
√
3|y|2xBxD
M1M3
e−i(φ1+φ3) v S vT
3Λ
,
δc23 =
√
6|y|2xBxD
M2M3
e−i(φ2+φ3) v S vT
3Λ
. (34)
Then for normal hierarchy, using M1,2  M3 gives
5 Higher order corrections perturbing the tribimaximal form of the PMNS matrix
have been studied in an RS model recently [23].X12 ≈ 0,
X13 ≈ i2
√
3
M1
[
xBxD v S vT
3Λ
e−i(φ1+φ3)
]∗
,
X23 ≈ − i
√
6
M1
[
xBxD v S vT
3Λ
e−i(φ2+φ3)
]∗
≈ − 1√
2
X13 (35)
so that
s13 ≈
√
1
6
|X13| =
∣∣∣∣
√
2xBxD v S vT
3M1Λ
∣∣∣∣,
δθ12 ≈ 0,
δθ23 ≈ − 2√
3
Im
[
eiφ13 X13
]
(36)
so that |δθ23| 2
√
2s13.
In conclusion, we have found that the models in the litera-
ture that generate an exactly tribimaximal PMNS mixing matrix
using a ﬂavor symmetry (in a small expansion parameter η) do
not have leptogenesis. Higher order terms in η can give an ade-
quately large lepton asymmetry of order 	 ∼ O(η2/(32π)) 10−6.
These terms also lead to deviations from tribimaximal mixing, with
θ13 ∼ O(
√
32π	 ) ∼ O(η)  10−2 and correlated deviations from
the tribimaximal values of θ23 and θ12 also of order η.
There are also corrections to the light-neutrino mass matrix
due to renormalization group running of c5 between the seesaw
scale and the weak scale. In particular, the Ma form Eq. (5) is not
preserved by the c5 anomalous dimension [24,25]. This induces a
non-zero θ13 of order
θ13 ∼ 1
16π2
(
mτ
v
)2
log
M
v
∼ 10−5 (37)
which is formally O(η2) and much smaller than the effects we
have considered.
The ﬂavored leptogenesis asymmetry parameters 	(α)i are of
order η. We have already shown that the total asymmetry 	i =∑
α 	
(α)
i , which is of order η
2, is large enough to generate an ad-
equate lepton asymmetry. The conclusions above remain valid in
the ﬂavored leptogenesis scenario, with the lower bound η 10−2
from the charged lepton Yukawa couplings.
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